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( $=$ ) 1 Fock [Par]
[Mey] [Oba] Hilbert $\mathcal{H}$ 3 Fock
Fock $\Phi_{boson\text{ }}$ Fock $\Phi_{f^{ermion}}\text{ }$ Fock $\Phi_{f^{ree}}$
:
$\{$
$\Phi_{bosm}$ $=$ $\oplus_{r=0}^{\infty}\mathcal{H}^{\mathrm{o}}r$ ( $\mathcal{H}^{\mathrm{o}r}$ $\mathcal{H}$ $r$ )
$\Phi_{fermi}on$ $=$ $\oplus_{r=0}^{\infty}\mathcal{H}^{\wedge r}$ ($\mathcal{H}^{\wedge r}$ $\mathcal{H}$ $r$ )
$\Phi_{free}$ $=$ $\oplus_{r=0}^{\infty}\mathcal{H}\otimes r$ ($\mathcal{H}^{\otimes r}$ $\mathcal{H}$ $r$ )
Fock
$\mathcal{H}_{r}:=\mathcal{H}^{\mathrm{o}r}$ (or $\mathcal{H}^{\wedge r}$ or $\mathcal{H}^{\otimes r}$ ) $r$ $\mathcal{H}0\equiv \mathbb{C}$
Fock 1
$\mathcal{H}$ $\mathcal{H}:=L^{2}(\mathbb{R}^{3})$ $\mathcal{H}:=L^{2}(\mathrm{R}^{4})$
“ 1 ” $T=\mathbb{R}_{+}=\{t\in \mathrm{R}|t\geq 0\}$
$L^{2}$ $\mathcal{H}:=L^{2}(\tau)$ Fock
Fock $\{X_{t}\}_{t\in\tau}$ ( $t\in T$ )
(quantum stochastic calculus) [Par] [Mey]
[Oba]
1(Wiener-Ito-Segal). $\Omega$ 1 ( $=\mathrm{W}\mathrm{i}\mathrm{e}\mathrm{n}\mathrm{e}\mathrm{r}$ ) $\{B(t)\}_{t}\geq 0$
path space path L2 Fock
$\ovalbox{\tt\small REJECT}_{bon}\text{ }s$ :
$L^{2}(\Omega)\cong\Phi b\text{ }Son$ .
$\mathcal{H}=L^{2}(T)$ Fock Wiener-
Ito-Segal Wiener (
982 1997 258-268 258
path ) ( )
– |J $t$ $B(t)$ $L^{2}(\Omega)$
$L^{2}(\Omega)\ni f\mapsto B(t)f\in L^{2}(\Omega)$
$\mathrm{W}\mathrm{i}\mathrm{e}\mathrm{n}\mathrm{e}\mathrm{r}-\mathrm{I}\mathrm{t}_{0}\succ \mathrm{S}\mathrm{e}\mathrm{g}\mathrm{a}1$ Fock $\Phi_{b_{\text{ }S}}on$
$A_{t}^{+}\equiv a_{x\mathrm{l}}^{*}\mathrm{l}0,t\text{ }A_{t}^{-}\equiv a_{\chi\iota 0,c}\mathrm{l}(\chi_{[}0,t]$
$[0, t]$ )
$Q_{t}=A_{t}^{+}+A_{t}^{-}$
$\{Q_{t}\}_{t\geq 0}$ $\{B(t)\}t\geq 0$
Fock $\Phi_{b_{\text{ }S\text{ }}n}$ “ ”
$\{Q_{t}\}_{t\geq 0}$ “ ” Pg $=i(A_{t}^{+}-A_{t}^{-})$ $\{P_{t}\}_{t\geq 0}$
$\{B(t)\}_{t\geq 0}$ Fock $\Phi_{b\text{ }Son}$
2 $\{Q_{t}\}_{t\geq 0}$ $\{P_{t}\}_{t\geq 0}$ Hilbert
$Q_{t}\text{ }P_{t}$ $A_{t\text{ }^{}+}A_{t}^{-}$
Fock $\Phi_{b\text{ }Son}$ $\{A_{t}^{+}\}_{t\geq}0$ $\{A_{t}^{-}\}_{t\geq}0$
2 $\mathrm{W}\mathrm{i}\mathrm{e}\mathrm{n}\mathrm{e}\mathrm{r}-\mathrm{I}\mathrm{t}\mathrm{C}\succ \mathrm{S}\mathrm{e}\mathrm{g}\mathrm{a}\mathrm{l}$ path space $\Omega$
Ito Fock $\Phi_{boSon}$
$\{Q_{t}\}_{t\geq 0}$ ( ) calculus
$\{Q_{t}\}_{t\geq 0}$ ( 2
2 $\tilde{\Omega}$ )
( $\{P_{t}\}_{t\geq 0}$ ) $t_{1}\neq t_{2}$ $(Xt_{12}X_{t}\neq x_{t_{2}}x_{t_{1}})$
$\{X_{t}\}_{t\geq 0}$ calculus ( )
(bosonic stochastic calculus) R. L. Hudson K. R.
Parthasarathy $[\mathrm{H}\mathrm{u}\mathrm{P}]$ ( [Oba]
) Ito $\{B(t)\}_{t}\geq 0$




:L Fock $\Phi_{fermi}on$ ( $=\mathrm{f}\mathrm{e}\mathrm{r}\mathrm{m}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{i}\mathrm{c}$ stochastic




$P_{t}$ free “ ” $Q_{t}^{(ferm}im$ ) $\text{ }P_{t}^{(fermim)}\text{ }Q_{t}^{(fe)}re\text{ }P_{t}^{(free)}$
$Q_{t}^{(fm)}ermi\text{ }Q_{t}^{(f^{re})}e$
- $\{Q_{t}^{(frm}eim)\}t\geq 0$





$\Phi_{bosm}$ $\sim$ ( ) $(Q_{t}, P_{t})$
( $rightarrow$ $A_{t}^{+},$ $A_{t}^{arrow}$ )
$\sim$
$\Phi_{fermi}m$ $\sim$ $(Q^{(fermim)}t’ P(fermim))t$
( $rightarrow$ $B_{t}^{+},$ $B_{t}-$ )
$\sim$
$\Phi$
free $\sim$ $(Q^{(f^{re}e)}l’ P)t(free)$
( $rightarrow$ $c_{l’ l}^{+}c^{-}$ )
$\sim$
Fock$(L^{2}(\mathrm{R}_{+}))\sim$





: Fock ( )















( – $p_{-}$ )
2. Fock
$T=\mathrm{N}=\{1,2,3, \cdots\}$
$r$ $\sigma=(i_{1}, i_{2}, \cdots,i_{r})_{\text{ }}i_{1}>i_{2}>\cdots>i_{r}$ $(i_{1}, i_{2}, \cdots, i_{r}\in T)_{\text{ }}$
$\sigma=(i_{1}>i_{2}>\cdots>i_{r})$ $r$ $\sigma=(i_{1}>i_{2}>\cdots>i_{r})$
$\tau \mathrm{D}_{r}$ $\tau^{\mathrm{D}}0$ A – $\{\Lambda\}$
$\tau^{\mathrm{D}_{r}}$
$l^{2}$ Hilbert $\mathcal{H}_{r}=\iota^{2}(\tau^{\mathrm{D}_{r})}$ $r$
$<.|\cdot>$ $r$ $\mathcal{H}_{r}$ Hilbert
$\Phi=\oplus_{r=0}^{\infty}\mathcal{H}_{r}$ ( ) Fock Fock $\Phi$
$\sigma=(i_{1}>i_{2}>\cdot\cdot, >i_{r})$ $\mathrm{D}\mathrm{e}\mathrm{c}(T)=\mathrm{U}_{t=}^{\infty}0T\mathrm{D}_{r}$
$\{e_{\sigma}|\sigma\in \mathrm{D}\mathrm{e}\mathrm{c}(\tau)\}$ $e_{\sigma}$ $e_{\sigma}(\sigma’)=1(\sigma^{l}=\sigma)_{\text{ }}$
$=0(\sigma’\neq\sigma)$ $(\in\Phi=l^{2}(\mathrm{D}\mathrm{e}\mathrm{c}(\tau)))$ A
$\Omega=e_{\Lambda}$
$i\in T$ $\delta_{i}^{+}$ $e_{\sigma}$
$\delta_{i}^{+}e_{()}i_{1}>i_{2>}\cdots>ir=\{$
$e_{(>}i>i_{1>}i_{2}\cdots>i_{r})$ (if $i>i_{1}$ ),
$0$ $(*\emptyset w)$
$i\in T$ $i\in T$
:
$\delta_{i}^{-_{e_{(ii_{\Gamma}}}}i_{1>}2>\cdots>)=\{$




$\delta_{i}^{-}$ adjoint $\delta_{k^{\text{ }}^{}+}$ $\delta_{k}^{-}$
261
$q_{k}\text{ }Pk$ :
$q_{k}=\delta_{k}^{+-}+\delta_{k}$ , $p_{k}=i(\delta_{k}-\delta_{k}-)$ .
$i$
$\{\delta_{i}^{+}, \delta_{i}^{-}|i\in T\}$ $I$
$A=C^{*}(I, \delta+, \delta^{-}ii|i\in T)$ $\Omega\in\Phi$ $\phi(\cdot)=<\Omega|\cdot\Omega>$
$c*$ $(A, \phi)$ Fock
C* $(A, \phi)$ $i\in T$ $C^{*}$ $=C^{*}(I,$ $\delta_{i}^{+},$ $\delta_{i^{-)_{\text{ }}}}$
$i\in T_{\text{ }}$ { },\in T $\phi$
2. $C^{*}$ 1’ $A_{i_{2}},$ $\cdots,$ $\lambda_{n}$ $(i_{1}<i_{2}<\cdots<$
$i_{n})$ :
$\emptyset(A_{1}A_{2n}\ldots A)=\emptyset(A1)\emptyset(A2)\cdots\phi(A_{n})$ $(\forall A_{1}\in A_{i_{1}}, A_{2}\in\lambda_{2}, \cdots, A\in n\lambda n)$ .
K\"ummerer Fock
$(A, \phi, \{A_{i}\}_{i\in T})$ $\{A_{i}\}_{iT}\in$ $\phi$ K\"ummerer





$Pi$ $\mathrm{S}\mathrm{p}(q_{i})=\mathrm{S}\mathrm{p}(Pi)=\{-l, 0, +1\}$ $\phi$
$-1$ , $0,$ $+1$ 1/2, $0,1/2$ $q_{i}$
$q_{1},$ $q_{2},$ $\cdots$ , $A_{1},$ $A_{2},$ $\cdots,$ $A_{n}$





$T_{k}=\{1,2, \cdots, k\}\subset T$ $C^{*}$ $A_{k]}=c^{*}(I, \delta+, \delta^{-}|iii\in T_{k})$
























$C^{*}$ $A$ $C^{*}$ $A_{k]}$ (
)
$\epsilon_{k\mathrm{l}}$ : $Aarrow A_{k]}$ $\epsilon_{k,k+1}$ : $A_{k+1]}arrow A_{k]}$
$\epsilon_{k,k+1}(\delta_{\sigma}^{+}\delta_{U\tau}. \delta^{-})=\{$
$\delta_{\sigma}^{+}\delta_{U}\delta_{\mathcal{T}}$ ($\sigma,$ $U,$ $\tau$ $T_{k}$ )
$I$ ($U$ – $\{k+1\}$ )1
$0$ ($\sigma$ $\tau$ $k+1$ )
2 $\epsilon_{k,k+1}$ $k,$ $k+1,$ $k+2,$ $\cdots,$ $l-1,$ $l$




$\tilde{\epsilon}_{k1}$ $:\cup \mathrm{t}\geq k+1A_{]}\iotaarrow A_{k]}$ $\tilde{\epsilon}_{k\mathrm{I}}$
$C^{*}$ $A$
$\epsilon_{k\mathrm{l}}$




$\epsilon_{k\mathrm{l}}$ : A\rightarrow A $A\in A$ $B,$ $B_{1},$ $B_{2}\in A_{k]}$
(1) $\epsilon_{k\mathrm{l}}(B)=B$ ; (2) $\epsilon_{k\mathrm{l}}(A^{*})=\epsilon_{k\mathrm{l}}(A)^{*};$ (3) $\epsilon_{k\mathrm{l}}(A^{*}A)\geq 0$; (4) $||\epsilon_{k\mathrm{l}}(A)||\leq||A||$ ;
(5) $\epsilon_{k\mathrm{l}}(A^{*}A)\geq\epsilon_{k\mathrm{l}}(A)^{*}\epsilon_{k\mathrm{l}}(A)$; (6) $\emptyset(\epsilon_{k\mathrm{l}}(A))=\emptyset(A)$ ; (7) $\epsilon_{k\mathrm{l}}(B_{1}AB_{2})=B_{1}\epsilon_{k\mathrm{l}}(A)B_{2}$ .




$\epsilon_{k\mathrm{l}}$ : $\mathcal{A}arrow \mathcal{A}\text{ }$ C* $(A, \phi)$
$A$ $k$-adapted
A\in A $A$ $k$-previsible $A\in A_{k-1}$ ]
$\{A_{k}\}_{k\in T}$ (adapted process) $k$ $A_{k}$
k-adapted $\{A_{k}\}_{k\in T}$ previsible process $k$
$A_{k}$ k-previsible $\{M_{k}\}_{k\in T}$
(1) (2) $(\epsilon_{j\mathrm{l}}(M_{k})=M_{j}(j\leq k))$
$D_{k}^{+}=\delta_{1}^{+}+\delta_{2}^{+}+\cdots+\delta_{k^{\text{ }}^{}+}$ $D_{k}^{-}=\delta_{1}+\delta_{2}^{-}+\cdots+\delta_{k^{\text{ }}^{}-}$
$Q_{k}=q_{1}+q_{2}+\cdots+q_{k}\text{ }P_{k}=p_{1}+P2+\cdots+Pk$
Fock $\Phi$
33( ). Fock $\Phi$ $\{M_{k}\}_{k\in T}$
–
$M_{k}=mI+ \sum_{j=1}^{k}\delta_{jj}^{+_{u^{\mathrm{o}}}}\delta_{j}-+\sum_{j=1}^{k}\delta_{j}+u_{j}++\sum_{j=1}^{k}u_{j}-\delta_{j}-$ , $k=0,1,2,$ $\cdots$ .
$m$ $\{u_{k}^{\mathrm{o}}\}_{\text{ }}\{u_{k}^{+}\}_{\text{ }}\{u_{k}^{-}\}_{\text{ }}$ previsible process
$u$ integrand $\delta$ integrator
4. Ito
Ito Fock




( $=$ Ito calculus) $(dB(t))^{2}=dt$ Ito
$dA_{t}^{+}\text{ }$ dAt- $d\Lambda_{\text{ }}$, $dt$
(quantum Ito table)
Ito “ ” “ ”
Fock 2 “ ” $X_{k}\text{ }Y_{k}$ “
” ( ) $\xi_{k}=x_{k+1}-x_{k}\text{ }\eta_{k}=\mathrm{Y}_{k1}+-Y_{k}$
$X_{k+1}Y_{k1}+-X_{k}Y_{k}=\xi_{k}Y_{k}+X_{k\eta_{k}}+\xi k\eta k$
$\xi k\eta k$
“ ” $X_{k}\text{ }Y_{k}$ (
)
$X_{k}$ $=$ $x0+ \sum_{i=1}^{k}\delta^{+}u\delta^{-}0+\sum_{=1}jjjj\sum_{jJ}k\delta_{j}^{+_{u^{+}+}}.=k1u^{-\delta^{-}+}jj\sum_{j=1}u_{j}.\delta kj.$ ,
$Y_{k}$ $=$ $Y0+ \sum_{j=1}^{k}.\delta_{j}^{+}v_{jj}\circ\delta^{-}+\sum_{=J1}\delta_{j}^{+_{v^{+}+}}\sum_{j}kj=k1v^{-\delta^{-}+}jj\sum_{j=1}v_{j}.\delta kj.$ .
$X_{0},$ $\mathrm{Y}_{0}\in \mathbb{C}I$ ujo $u_{j^{\text{ }}^{}-}u_{j^{\text{ }}}v_{j}^{\mathrm{o}}\text{ }v^{+}v_{j}-v_{j}j^{\text{ } }$ previsible process
$X_{k}\text{ }Y_{k}$ 3 “ ”
$0$ “ Ito ” “ ”
quantum Ito table ( )
4 (quantum Ito table )
–










$B(\mathcal{H})$ ( ) $\{\tau_{k}\}_{k\geq}0$
$T_{k}$ $\mathcal{H}$ $\mathcal{B}(\mathcal{H})$
(1) $T_{k+\iota}=\tau kTl(k, l\geq 0)_{\text{ }}$
(2) $T_{k}$ $T_{k}(I)=I\text{ }$
Fock $\Phi$
$T_{k}$ : $\mathcal{B}(\mathcal{H})arrow B(\mathcal{H})$ $\mathcal{H}$ $\Phi$ $\mathcal{H}\otimes\Phi$
$\mathcal{B}(\mathcal{H})\otimes \mathcal{B}(\Phi)$ $\hat{T}_{k}$ : $B(\mathcal{H})\otimes B(\Phi)arrow \mathcal{B}(\mathcal{H})\otimes B(\Phi)$
(dilation) dilation
(stochastic dilation)
$T:=\mathbb{Z}=$ $\{. . . , -2, -1,0,1,2, \cdots\}$ Fock






$i$ : $\mathcal{B}(\mathcal{H})arrow \mathcal{B}(\mathcal{H})\otimes \mathcal{B}(\Phi)$ : $x-\rangle$ $\hat{X}=X\otimes I$
$B(\mathcal{H})\otimes \mathcal{B}(\Phi)$ $\mathcal{B}(\mathcal{H})$
$\tilde{P}_{0}$ : $\mathcal{B}(\mathcal{H})\otimes \mathcal{B}(\Phi)arrow B(\mathcal{H})$ : $x\otimes A-\rangle$ $\phi(A)x$
( $\phi$ $\mathcal{B}(\Phi)$ ) $\mathcal{B}(\mathcal{H})$
$\{\tau_{k}\}_{k\geq}0$ $B(\mathcal{H})\otimes B(\Phi)$ $\{\hat{T}_{k}\}_{k\mathbb{Z}}\in$
$\tilde{P}_{0}\hat{T}_{k}(\hat{x})=T_{k}(X)$ , $\forall k\in \mathrm{N}$








dilation $\{\hat{T}_{k}\}_{k\in \mathbb{Z}}$ :
$U_{k+1}-U_{k}=Uk(\delta^{+_{A}}\delta_{kk}-+\delta^{+}B+c\delta_{k}-+Dk\delta_{k}.)$ $(*)$
$A,$ $B,$ $C,$ $D$ $B(\mathcal{H})$ $[\mathrm{K}\mathrm{u}\mathrm{S}]$
$(*)$ $\{U_{k}\}_{k\in \mathbb{N}}$
+ $A,$ $B,$ $C,$ $D$
Fock $\Phi$ $S_{n}$ : $\Phiarrow\Phi$ $e_{\sigma}$
$S_{n}e_{(i_{1}i_{2>\cdots>}i_{r})}=e_{(i}>1-n>i2-n>\cdots>ir-n)$
$I\otimes S_{n}$ $S_{n}$ $(*)$ $\{U_{k}\}_{k\in \mathbb{N}}$
$\{S_{n}\}$ :
$Un+k=Uns^{-1}n$ kUsn $(n, k\geq 0)$
$\hat{T}_{k}$ : $B(\mathcal{H})\otimes \mathcal{B}(\Phi)arrow \mathcal{B}(\mathcal{H})\otimes \mathcal{B}(\Phi)$
$\hat{T}_{k}(Z)=U_{nn}s_{n}^{-1}ZSU_{n}^{*}$ $(Z\in B(\mathcal{H})\otimes B(\Phi))$
$\{\hat{T}_{k}\}_{k\in \mathbb{N}}$ $B(\mathcal{H})\otimes \mathcal{B}(\Phi)$
. .: $-\cdot\backslash$. $\cdot$$..=$ . 9 .:.$\cdot$ : $=..\cdot$.
5. $\{T_{k}\}$ $(.*)$ stochastic dilation
:
(1) $\exists C,$ $\exists D\in B(\mathcal{H})s.t$ . $T_{1}(X)=CXC^{*}+DXD^{*}(X\in\dot{\mathcal{B}}(\mathcal{H}))$ .
(2) $\exists A,$ $\exists B\in B(\mathcal{H})s.t$ .
$\{T_{k}\}$





5 $(*)$ stochastic dilation
–






$[\mathrm{A}\mathrm{p}\mathrm{H}]$ D. B. Applebaum and R. L. Hudson, Fermion $Ito’ s$ formula and stochashc
evolution, Commun. Math. Phys. 96 (1986), 473-496.
[BSW] C. Barnett, R. F. Streater and I. F. Wilde, The $Ito$-Clifford integral, J. Funct.
Anal., 48 (1982), 172-212.
$[\mathrm{H}\mathrm{u}\mathrm{P}]$ R. L. Huds.on and K. R. Parthasarathy, Quantum $Ito’ s$ formula and stochastic
evoluhon, Commun. Math. Phys., 93 (1984), 301-323.
$[\mathrm{K}\mathrm{u}\mathrm{S}]$ B. K\"ummerer and R. Speicher, Stochastic integration on the Cuntz-algebra $\mathcal{O}_{\infty}$ ,
J. Funct. Anal., 108 (1992), 372-408.
[Mey] P. A. Meyer, Quantum Probabihty for Probabilists, Springer LNM, vol. 1538,
1993.
[Murl] N. Muraki, A new example of noncommutative “de Moivre-Laplace theorem, ”
preprint.
[Mur2] N. Muraki, Noncommutative Brownian motion in the monotone Fock space,
preprint.
[Oba] N. Obata, White Noise Calculus and Fock Space, Springer LNM, vol. 1577,
1994.
$[\mathrm{O}\mathrm{h}\mathrm{P}]$ M. Ohya and D. Petz, Quantum Entropy and Its Use, Springer-Verlag, Berlin,
1993.
[Par] K. R. Parthasarathy, An Introduction to Quantum Stochastic Calculus,
Birkha\"user, Basel, 1992.
[Spe] R. Speicher, A new example of ${}^{t}inde_{\mathrm{P}^{en}}dence$ ’ and ‘white noise, ’ Prob. Th.
Rel. Fields, 84 (1990), 141-159.
[Ume] H. Umegaki, Conditional expectation in an operator algebra, T\^ohoku Math. J.,
6 (1954), 177-181.
[VDN] D. V. Voiculescu, K. J. Dykema and A. Nica, Free Random $Va7\dot{?}ab\iota_{eS}$, CRM
Monograph Series, AMS, 1992.
DEPARrMENT OF APPLIED SCIENCE,
FACULTY OF ENGINEERING,
YAMAGUCHI UNIVERSITY,
UBE CITY, YAMAGUCHI 755, JAPAN
$E$-mail address: $\mathrm{m}\mathrm{u}\mathrm{r}\mathrm{a}\mathrm{k}\mathrm{i}\emptyset_{\mathrm{P}^{\mathrm{o}\mathrm{C}\mathrm{c}}}.$ . yamaguchi-u. $\mathrm{a}\mathrm{c}$ . jp
268
